
Symmetry properties of conjectural price responses

Julián Barqúın, Member, IEEE

Abstract—Conjectural variations and conjectural price
responses based models are a popular way of analysing
oligopolistic electricity markets. The purpose of this paper
is to show certain symmetry properties that conjectural
price responses have. These properties are useful in order
to devise efficient simulation algorithms able to take into
account the agents’ anticipations of the congestion status
of the power grid.
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I. Introduction

Competitive electricity markets are nowadays estab-
lished institutions in a number of countries. However,
technical characteristics of electricity as well as historical
and policy constraints made the sector prone to oligopolis-
tic behaviour.

Under perfect competition assumptions, detailed and
precise predictions of market behaviour can be derived
from economic theory. Unfortunately the situation is much
less satisfactory in the case of oligopolistic competition.
As a consequence, a number of approximate and heuris-
tic approaches to oligopolistic electricity market simu-
lation have been developed, in order to provide insight
and even rough forecasts for companies and regulators
[1, 2, 3, 4, 5, 6, 7].

Among these models, those based on “conjectural pa-
rameters” (conjectural variations, conjectural price re-
sponses or conjectural supply functions) stand out as rel-
atively popular among practitioners. The conditional pa-
rameters summarize the assumptions about the agents’
strategies. Besides, mathematically the models resemble
others traditionally used in the electricity industry or in
other sectors [8, 9, 10, 11, 12].

However, the application of these methods requires sen-
sible values for the conjectural parameters. The task is
specially daunting in the case of meshed systems because
of the possibly huge number of parameters. As a con-
sequence, network issues are usually disregarded, either
completely (single-bus models) or partially (by assuming
perfect competition for the transmission services or by
assuming that agents do not anticipate the effect of their
actions on transmission pricing). On the other hand, net-
work congestions could have a great impact on market
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outcomes, as relatively isolated load pockets supplied by
a reduced number of generators are subject to a greater
threat from the exercise of market power. Therefore, ig-
noring the impact of congestions on conjectural param-
eters values that intend to quantify market power could
result in an unacceptable approximation [13].

The aim of this paper is to advance in the understand-
ing of a particular set of conjectural parameters, namely
the conjectural price response, in relationship to the con-
gestion status of the grid. The main result is that con-
jectural price responses fulfill, under some assumptions
related to the market organization, a symmetry property:
the conjectural price response of bus i with respect to
injections in bus j has the same value as that of bus j
with respect to injections in bus i. Moreover, the ma-
trix formed by arranging conjectural price responses is a
positive-definite one. The work reported in this paper
generalizes the one in [14].

The rest of the paper is organized as follows. The next
section describes assumptions underlying market organi-
zation. Section III introduces the concepts of residual de-
mand and residual welfare. Then, in section IV, the defi-
nition and computation of conjectural price responses are
addressed. Sections V and VI include the main results:
conjectural response matrix is symmetric and positive-
definite. Finally, I conclude.

II. Market description

A. General market organization

The market is assumed to be organized as initially sug-
gested in [15]. That is, generators tender electricity from
each one of their generating facilities, and consumers sub-
mit bids in each network node. Payments are made in
accordance with nodal prices. An auctioneer clears the
market trying, to maximize apparent social welfare, to be
precisely defined below. Therefore, the market is based
in implicit transmission auctions. Congestion rents are
appropriated by the ISO, the TSO or other non-strategic
bodies. A single period is assumed, as inter-temporal con-
straints are assumed not to be taken into account by the
market mechanism.

More explicitly, the market is described as having

• ng oligopolistic generators (utilities).
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• nu generating units. Pgu is the power output of unit
u belonging to generator g. This unit is placed in
bus i(u) (each generator may have several units in
several buses, and in each bus there may be units
belonging to several generators). The unit is char-
acterized by a maximum output Pmax

gu . The mini-
mum output is 0. Each unit submits a tender Pgu =
Ogu(πi(u)), πi(u) being the electricity price at node
i(u) and Ogu an increasing function.

• A network made by nbus buses and nlin transmission
lines. Each line is characterized by an admittance yl

and a maximum flow fmax
l , so that the actual flow

fl fulfills −fmax
l ≤ fl ≤ fmax

l . DC power flow equa-
tions are assumed, so that if line l goes from bus i(l)
to bus j(l), the flow fulfills fl = yl

(
θi(l) − θj(l)

)
. θi

is the voltage phase at bus i. No losses are consid-
ered.

• A demand at each bus i which fulfills Di. The con-
sumers submit a bid Di = Bi(πi), which is a de-
creasing function.

Generators submit tenders and consumers bid simul-
taneously. They are cleared by a central auctioneer by
maximizing apparent social welfare subject to network
constraints, as shown below.

B. The apparent social welfare

From generating plants’ tenders, the apparent cost func-
tion can be defined as:

Cgu(Pgu) =
∫ Pgu

0

O−1
gu (Pgu) dPgu (1)

As Ogu(πi(u)) is increasing, Cgu(Pgu) is convex. Note
that this function is the real cost function only if the price
tendered is equal to the marginal cost, which is not usually
the case when analyzing oligopolistic competition. The
apparent cost of a generator is the sum of the apparent
costs of the units belonging to it:

Cg =
∑

u∈Ug

Cgu (2)

Ug being the set of units that belong to generator g. Anal-
ogously, demand utility can be computed from demand
bids as

Ui(Di) =
∫ Di

0

B−1
i (Di) dDi (3)

As Bi(πi) is decreasing, Cgu(Pgu) is concave. Moreover,
total demand utility is defined as

U =
∑

i

Ui (4)

The apparent social welfare is the difference between
total utility and total apparent cost:

W = U −
∑

g

Cg (5)

C. Market clearing conditions

Market clearing is done by the auctioneer in order to
maximize apparent social welfare. In order to write the
mathematical conditions in a easily manipulable form, let
us introduce the following notation:

• Pg and Og are vectors containing outputs and ten-
ders for all the units belonging to generator g:

Pg =

⎡
⎢⎣

Pgu1

Pgu2

...

⎤
⎥⎦ , Og =

⎡
⎢⎣

Ogu1

Ogu2

...

⎤
⎥⎦

• D and B are vectors containing the demands and
customers bids at each bus.

• Cg is a 0-1 matrix which maps units into buses. That
is, if element (i, j) of matrix Cg is 1, that means that
unit guj is placed at bus i.

• π is the vector containing the nodal prices:

π =

⎡
⎢⎣

π1

π2

...

⎤
⎥⎦

• θ is the vector containing the phases at the different
buses, except bus 1 whose phase is set to 0.

θ =

⎡
⎢⎣

θ2

θ3

...

⎤
⎥⎦

• f is a vector containing the flows. fmax contains
their limits.

• F is the matrix, obtained from the admittance data,
relating flows and phases: f = Fθ.

• M is the bus-line incidence matrix (M(i, j) = 1 if
line j is leaving bus i, and −1 if it is arriving at bus
i).

The auctioneer problem can be formulated as

maxPg,D,f ,θ U(D) − ∑
g Cg(Pg)

s.t.

⎧⎨
⎩

D + Mf =
∑

g CgPg : π

f = Fθ
−fmax ≤ f ≤ fmax

(6)



The problem is well defined, as it amounts to maxi-
mizing a concave function on a convex set, defined by
the DC-flow network constraints. Nodal prices π are
the multipliers of the load-generation balance constraints
D + Mf =

∑
g CgPg. First order optimality conditions

imply that

∇PgCg(Pg) = CT
g π (7)

∇DU(D) = π (8)

As, from (1) and (3), ∇PgCg(Pg) = O−1
g (Pg) and

∇DU(D) = B−1(D),

O−1
g (Pg) = CT

g π (9)

B−1(D) = π (10)

So, the auctioneer clears the market as it fulfills network
constraints.

III. The residual demand

At this point it is useful to introduce the “residual de-
mand” of generator g in bus i. It is defined from the
demand bid and generator g competitors’ tenders:

Rgi(πi) = Bi(πi) −
∑

u∈Ug′/g′ �=g,i(u)=i

Og′u(πi(u)) (11)

Residual social welfare is defined as

Wg(Qg) =
∑

i

∫ Qgi

0

R−1
gi (Qgi) dQgi (12)

Variables Qgi merit some discussion. On the hand, they
have been introduced as the “variables” related to the in-
verse residual demand functions Rgi. Dimensional anal-
ysis shows that they have the same dimensions as D or
Pg, that is, MW-h. On the other hand, they are also the
demand at bus i not satisfied by generators other than
g. This follows from residual demand definition as excess
demand in equation (11). Consequently, demand balance
equation can also be written:

Q + Mf = CgPg (13)

Reduced welfare Wg is a concave function, as reduced
demands Rgi are decreasing functions. Moreover, from
the point of view of the auctioneer, the aggregate effect of
consumers and generators other than g is summarized in
the residual demand function. Therefore, market clearing
conditions can be written as the solution of the optimiza-
tion problem:

maxPg,Qg,f ,θ Wg(Qg) − Cg(Pg)

s.t.

⎧⎨
⎩

Qg + Mf = CgPg : π
f = Fθ

−fmax ≤ f ≤ fmax

(14)

First order optimality conditions imply that

∇PgCg(Pg) = CT
g π (15)

∇Qg Wg(Qg) = π (16)

In the remainder of this paper, it will be assumed that
demand bids Bi and generators’ offers Oi are strictly
monotonic and smooth functions. Apparently this one
is too stringent a condition, as real bids and offers are
usually step-wise functions. However, because of mar-
ket uncertainties, conjectural bids and tenders are more
likely to be modeled as smooth functions. For instance,
most Conjectural Supply Function approaches make use
of affine functions. In any case, the assumptions above
imply that residual welfare is a strictly concave function
and that its second derivative is well defined. Therefore,
around the clearing market point Q∗

g, and up to second
order:

Wg(Q∗
g +δQg) = Wg(Q∗

g)+πT δQg− 1
2
δQT

g AgδQg (17)

matrix positive-definite: Ag > 0 being symmetric.

IV. Computing price responses

Generator g conjectural price response are the antic-
ipated sensitivities of prices with respect to power in-
jections, assuming specific demand and competitors be-
haviour. The responses can be organized in matrix form
Sg, the element (i, j) being the sensitivity of price at node
i with respect to power injection in node j:

Sg(i, j) = − ∂πi

∂Pj

∣∣
δPg=0 (18)

The minus sign is included because usually a price de-
crease is anticipated whenever power is injected in the
grid. The qualification δPg = 0 means that generator g
keeps its production constant. As a consequence of ad-
ditional Pj injection, prices are going to change, because
the other generators as well as the consumers are going
to modify their injections or withdrawals in accordance
with their tenders and bids. In most models, the relevant
tenders and bids are possibly not the real ones, but rather
those assumed (or “conjectured”) by generator g. Hence
the term “conjectural price responses”.



The relevance of price responses come from their role
in specifying the marginal revenue of generator g. Equi-
librium models require marginal revenues and costs to be
equal. Marginal costs can be computed from the different
companies cost functions. Although the task can be chal-
lenging, marginal cost computation is a problem which
engineers have been addressing for a long time. On the
other hand, marginal revenue is the sum of two terms.
The first one is the market price, as this is the price paid
to an additional MW of generated output. The second
term is the effect that the additional MW has on the
market price paid to the remaining generated output (the
infra-marginal one). Oligopoly simulation most serious
difficulties usually arise from this second term specifica-
tion. Price responses are a parameter that can be helpful
in this regard.

Problem (17) is the starting point in order to compute
the sought sensitivities. Perturbations around the mar-
ket clearing point have to be considered. Furthermore,
variables Pg are to be treated as constants, as generator
g is assumed to keep production constant. Finally, in-
jections δP in the different nodes have to be considered.
Therefore, we are led to study the problem

maxQg,f ,θ Wg(Qg)

s.t.

⎧⎨
⎩

Qg + Mf = CgPg + δP : π
f = Fθ

−fmax ≤ f ≤ fmax

(19)
Let us introduce incremental variables around the mar-

ket clearing solution (Q∗
g, f

∗, θ∗) defined by

Qg = Q∗
g + δQg (20)

f = f∗ + δf (21)
θ = θ∗ + δθ (22)

Let us also consider constrained lines, that is, lines that
in the market clearing point have power-flows at their
limits (fl = fmax

l or fl = fmin
l ). It is assumed that they

are congested lines and that they remain congested in
the event of a small incremental injection. This is not a
harmless assumption, as the oligopolistic game outcome
can result in lines being “critically congested”. In these
lines the flow is at its maximum, but arbitrarily small
changes in the system conditions can result in line being
either congested or not congested [16, 17]. Analysis of
these cases can be carried out along the lines suggested in
this paper, although is considerably more cumbersome. In
any case, under the assumption of non-critically congested
lines, it can be written that for any congested line δfl = 0.
Let us introduce a 0-1 matrix E , with the number of rows
equal to the number of congested lines, and the number

of columns equal to the number of lines, such that the
conditions above can be stated as

Eδf = 0 (23)

After taking into account (17), problem (19) can be
finally re-stated as

maxδQg,δf ,δθ πT δQg − 1
2δQT

g AgδQg

s.t.

⎧⎨
⎩

δQg + Mδf = δP
δf = Fδθ

Eδf = 0

(24)

By introducing multipliers λD, λf and λs, the first or-
der optimality conditions can be written:

⎡
⎢⎢⎢⎢⎢⎢⎣

Ag 0 0 0 0 I
0 0 0 FT 0 0
0 0 0 −I ET MT

0 F −I 0 0 0
0 0 E 0 0 0
I 0 M 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

δQg

δθ
δf
λf

λs

λD

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

π
0
0
0
0

δP

⎤
⎥⎥⎥⎥⎥⎥⎦

(25)
where I is an identity matrix of the required dimension.

In order to compute Sg, it is useful to compute the ma-
trix SQg, whose element (i, j) is the change in the residual
demand at bus i given a marginal power injection at bus
j. As

∂πi

∂Qgi
= R−1

gi (26)

it follows that

Sg = AgSQg (27)

On the other hand, matrix SQg can be computed by
solving

⎡
⎢⎢⎢⎢⎢⎢⎣

Ag 0 0 0 0 I
0 0 0 FT 0 0
0 0 0 −I ET MT

0 F −I 0 0 0
0 0 E 0 0 0
I 0 M 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

[ SQg

...

]
=

⎡
⎢⎢⎢⎢⎢⎢⎣

π1T

0
0
0
0
I

⎤
⎥⎥⎥⎥⎥⎥⎦

(28)
where 1 is a column vector, all of whose elements are 1.

V. Price response matrix is symmetric

Let us define

B = [0, 0, 0, 0, I] (29)

and



C =

⎡
⎢⎢⎢⎢⎣

0 0 FT 0 0
0 0 −I ET MT

F −I 0 0 0
0 E 0 0 0
0 M 0 0 0

⎤
⎥⎥⎥⎥⎦ = CT (30)

Note that C is symmetric. So, (25) is written as

[ Ag B
BT C

] [
δQg

...

]
=

⎡
⎢⎢⎢⎢⎢⎢⎣

π
0
0
0
0

δP

⎤
⎥⎥⎥⎥⎥⎥⎦

(31)

δQg should be a linear function of π and δP. However,
it only depends on δP. To prove this, let us consider
(31) with δP = 0. Then δQg = 0, as no redistribution
of residual demand can improve the reduced welfare. On
the other hand, (31) solution is the superposition of the
two solutions with δP = 0 and π = 0 respectively. First
solution has δQg = 0, for the reason given above. T
Therefore, if only δQg is to be computed, the specific
value of π is irrelevant, and it is possible to set π = 0.
Then, after formal manipulation of (31),

(Ag − BC−1BT
)
δQg = −BC−1

⎡
⎢⎢⎢⎢⎣

0
0
0
0

δP

⎤
⎥⎥⎥⎥⎦ (32)

The problem here is that C is a singular matrix. On
the other hand, it is always possible to build a sequence
C(ε) of symmetric regular matrices whose limit as ε → 0
is C. So, let us define C(ε) as

C(ε) = εI + C (33)

This perturbation moves the whole C spectrum by ε.
As the spectrum is a discrete set, it is clear that there is
a ε1 such that for any ε in the interval (0, ε1), matrix C(ε)
is not singular. We will restrict ourselves in the following
to this interval.

So, let us define δQg(ε) as the solution of

(Ag − BC(ε)−1BT
)
δQg(ε) = −BC(ε)−1

⎡
⎢⎢⎢⎢⎣

0
0
0
0

δP

⎤
⎥⎥⎥⎥⎦ (34)

Therefore the matrix SQg(ε) (the sensitivity matrix re-
lating increment δQgi(ε) to power injection at bus j) ful-
fills

(Ag − BC(ε)−1BT
)SQg(ε) = −BC(ε)−1

⎡
⎢⎢⎢⎢⎣

0
0
0
0
I

⎤
⎥⎥⎥⎥⎦

= −BC(ε)−1BT

(35)
So,

SQg(ε) = − (Ag − BC(ε)−1BT
)−1 BC(ε)−1BT

= − (I − A−1
g BC(ε)−1BT

)−1 A−1
g BC(ε)−1BT

= − [I + A−1
g BC(ε)−1BT +(A−1

g BC(ε)−1BT
)2

+ . . .
]
A−1

g BC(ε)−1BT

= −A−1
g BC(ε)−1BT −

A−1
g BC(ε)−1BTA−1

g BC(ε)−1BT −
A−1

g BC(ε)−1BTA−1
g BC(ε)−1BTA−1

g BC(ε)−1BT + . . .

And as a consequence

Sg(ε) = AgSQg(ε)
= −BC(ε)−1BT − BC(ε)−1BTA−1

g BC(ε)−1BT −
BC(ε)−1BTA−1

g BC(ε)−1BTA−1
g BC(ε)−1BT + . . .

which is a clearly symmetric matrix. Taking the limit
ε → 0, it is shown that Sg is symmetric.

VI. Price response matrix is positive-definite

Let us partition C(ε) as

C(ε) =

⎡
⎢⎢⎢⎢⎣

ε 0 FT 0 0
0 ε −I ET MT

F −I ε 0 0
0 E 0 ε 0
0 M 0 0 ε

⎤
⎥⎥⎥⎥⎦ =

[
εI CT

r

Cr εI
]

(36)
where

Cr =

⎡
⎣ F −I

0 E
0 M

⎤
⎦ (37)

Now, it is easy to check

C(ε)−1 =
[

εI −CT
r

−Cr εI
] [ (

ε2I − CT
r Cr

)−1 0
0

(
ε2I − CrCT

r

)−1

]

(38)



On the other hand, let us write matrix B as

B = [0, 0, 0, 0, I] = [0,J ] (39)

with

J = [0, I] (40)

So,

BC(ε)−1BT = εJ (
ε2I − CT

r Cr

)−1 J T (41)

It is easy to check that

CT
r Cr =

[ FTF −FT

−F I + ET E + MTM
]

(42)

CT
r Cr is a strictly positive-definite matrix. To check

this, let us consider

[
vT

θ ,vT
f

] CT
r Cr

[
vθ

vf

]
= vT

θ FTFvθ +

vT
f

(I + ET E + MTM)
vf −

2vT
θ FTvf

=
(
vT

θ FT − vT
f

)
(Fvθ − vf ) +

vT
f

(ETE + MTM)
vf

It is obvious that this expression is greater than or equal
to zero. If we assume that it is zero, then Mvf = 0 and
Fvθ = vf . These equations describe a DC electricity net-
work with flows vf , phases vθ and null injections. There-
fore, all the flows must be zero and all the phases must be
equal. As θ1 = 0, all the phases must be zero. So, we have
proved that if the expression above is zero, then vf = 0
and vθ = 0, which means that CT

r Cr > 0 as claimed.
Let ε2 > 0 be the smallest CT

r Cr eigenvalue. Then, if ε <
min(

√
0.5ε2, ε1), matrix

(
ε2I − CT

r Cr

)
must be definite-

negative, and therefore matrix BC(ε)−1BT in equation
(41) (which is the restriction to a lower dimensional sub-
space) must be also definite-negative.

Let us define CB(ε) = BC(ε)−1BT . CB(ε) spectrum is
bounded. If the CT

r Cr spectrum is in the interval [ε2, E2],
CB(ε) must be in [−E2,−0.5ε2] = [−K,−k], because 0.5ε2
is the greatest perturbation that ε2I can induce in −CT

r Cr.
Note that K, k > 0 are two constants independent of ε.

Now, −KI < CB(ε) < −kI, so −k−1I < CB(ε)−1 <
K−1I. Let us denote by α and α the smallest and greatest
values of Ag. They are positive real numbers, as Ag is a
symmetric definite-positive matrix. So αI < A−1 < αI.
Then (

α + K−1
) I < A−1

g − CB(ε)−1 <
(
α + k−1

) I
And, therefore(A−1

g − CB(ε)−1
)−1

>
(
α + k−1

)−1 I = k̄I > 0

But,

(A−1
g − CB(ε)−1

)−1
= CB(ε)

(A−1
g CB(ε) − I)−1

= −CB(ε)
(I − A−1

g CB(ε)
)−1

= −CB(ε)
(I + A−1

g CB(ε)+

A−1
g CB(ε)A−1

g CB(ε) + . . .
)

= −CB(ε) − CB(ε)A−1
g CB(ε) −

CB(ε)A−1
g CB(ε)A−1

g CB(ε) − . . .

= S(ε)

Therefore, S(ε) > k̄I, and as a consequence S > 0.

VII. Conclusions

It has been shown that the conjectural price response
matrix must be a symmetric and positive-definite one.
This fact is relevant as it makes possible to put constraints
on the possible values that these parameters can take and
to design effective algorithms for market equilibrium com-
puting.
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