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Application of Possibility Theory to Robust
Cournot Equilibrium in Electricity Market
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Abstract—It is known that Cournot game theory has been one
of the theoretical approaches more used to model electricity
market behavior. Nevertheless, this approach is highly influenced
by the residual demand curves of the market agents, which are
usually not precisely known. This imperfect information has
normally been studied with Probability Theory, but Possibility
Theory might sometimes be more helpful in modeling, not only
uncertainty, but also imprecision and vagueness. In this paper,
two dual approaches are proposed to compute a robust Cournot
equilibrium, when the residual demand uncertainty is modeled
with possibility distributions. Additionally, it is shown that these
two approaches can be combined into a bi-criteria programming
model, which can be solved with an iterative algorithm. Some
interesting results for a real-size electricity system show the
robustness of the proposed methodology.

Index Terms—Electricity market, Cournot game theory,
Possibility Theory, Chance constraints.

I. INTRODUCTION

Nowadays, most electricity oligopoly markets are regulated
on the base of competition among the companies or
agents, seeking, from the point of view of the regulators, to
establish an auto-regulated price fixing mechanism. In this
context, one important challenge for researches has been to
obtain proper market behavior models to compute the agent
energy productions, using among others approaches, the so-
called Cournot equilibrium approach (see [1] for a review of
its application in the electricity market). The Cournot
productions {P., e=I,...E} of each producer (i.e., the
strategies) result from maximizing the individual agent profit
B(P.)=AP.-C.(P.) when the productions of the others agents
are supposed to be fixed (4 is the market price and C(P.) the
generation costs) and when they do not respond to changes in
the market price (i.e., P.(A4)=P.). If the demand curve D is a
linear function of A, the Cournot equilibrium conditions are
formulated as:
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where the demand at price A’ is D” and the slope demand is
1y, i.e., D=d-(1/ti)-A with d=D"+(1/u)-A°. Note that in the
equilibrium the balance equation (demand D equal to the total
generation P,+..+Pg) must also be satisfied.

Nevertheless, Cournot equilibrium presents an important
weakness due to its high sensibility with respect to the
residual demand curves (R.D.C.) of each agent (see [2]). If
they are supposed to be linear, then it is (see [3]):

A=u-(d-pP-P.,) Ve=1,,E )

where A is the market price if the considered agent sells the
amount of production P., and if P’y (e; 1s sold by the other
agents.

In the literature, the market models found that take into
account the R.D.C. sensitivity are not formulated as equilibrium
problems, and assume that a probabilistic estimation for these
curves is always available (see [1] for a review). Nevertheless,
some drawbacks can lead to inappropriate uses of this type of
uncertainty modeling since: 1) very often different probability
distributions can be fitted for the same set of statistical
information (see [4]); 2) sufficient historical information may
not be available (see [5]); 3) to obtain a satisfactory
computational efficiency with probabilistic models, several
simplifying hypotheses are needed (normality, independence)
reducing the rigor of the probabilistic approach; and 4) it is very
convenient to represent the subjective (usually linguistic)
information provided by the experts about the R.D.C. slope
behavior. In these cases Possibility theory (see [6]) emerges as
an alternative tool to model not only the uncertainty but also the
imprecision and vagueness (see [7]), and therefore it can be
more flexible than probability theory, although, to some extent,
less informative (see [8]). That is why in this paper possibility
distributions have been chosen to model the uncertainty in the
R.D.C. slope, which according to (2) coincides for each agent
with ¢ (from now on denoted by [ ), which is the inverse of the

demand slope. A common point (P.’,A°) to all possible R.D.C.
of each agent is also assumed (see Fig. 1), which could be
established by considering an approximated equilibrium
solution.
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Additionally, when modeling real electricity markets, it
becomes convenient to obtain sensible energy agent
productions when they face up different unfavorable, but
possible to a certain degree, R.D.C. slope scenarios.
Otherwise, seemingly good strategies could lead to a general
loss of producers profit, and to a general inefficiency of the
power system, that can be avoided by seeking for robust
equilibrium solutions. In this paper robust market equilibriums
have been computed using two dual approaches introduced in
[9], developed for possibilistic objective optimization
problems (see for a review [10]).

Next section describes the fundamental theoretical aspects
of Possibility Theory to model the uncertainty of the R.D.C.
slope. Applying the two dual approaches introduced in [9],
section III proposes two alternative and complementary
methods to compute a robust Cournot equilibrium. Both
approaches have also been combined into a bi-objective linear
fractional optimization problem that provides better
compromise solutions. Section III.C presents an application to
a real power system with a medium term horizon, and
discusses the numerical results. Finally, the conclusion
remarks are given.

II. PRELIMINARIES
Let Q be the variability range of the R.D.C. slope [, and

let IT: 2:—[0,1] be the possibility measure defined on the
power set of Q, with T1(4) being the degree of possibility that
A occurs. The fundamental axioms of IT are (see [6]):

M(®)=0,I1(4 U B)=max(I1(4),11(B)) V4,BcQ (1)

A possibility distribution m. Q—][0,1] can be defined from

IT as Amw)=T1({u}) Vue, such that m(x) quantifies the
possibility that the variable [ takes the value w. In this paper
only continuous possibility distributions are considered. In
particular LR-possibility distributions (see Fig.2 and [11])
7= =(u" 4 opl o) x are used. Functions L,R: R->[0,1]
are differentiable and strictly decreasing in (0,1), L(s)=R(s)=1
for s<0 and L(s)=R(s)=0 for s=1.
The principal advantage of LR possibility distributions is that
their shape is preserved for many operations performed via the
Extension Principle (EP) (see [12] and [13]). For example the
addition and the multiplication by a scalar are defined by:

ot ;i) i 1, B, BY) =t i o+ of + 8,8 + 59
x-(mL,mR,of,Of)LR=(x-Wf,x~WzR,x~0f,x-0f)LR x=0
x~(mL,mR,0f,de)LR=(x~mR,x~mL,—x~0!R,—x~0f)RL x<0

III. SOME APPROACHES TO OBTAIN ROBUST COURNOT
EQUILIBRIUMS

A robust Cournot equilibrium can be interpreted as a low
risk equilibrium, in the sense that it should be somehow

insensible to unexpected but possible inputs. Let’s analyze the
influence of the R.D.C. slope variability into the equilibrium
solution:

--When the equilibrium is solved for a given R.D.C.
slope w4, but the real R.D.C. slope 4 is lesser than expected,
then according to the equilibrium constraints (see (1)), if the
agents keep the same productions P., the following results are
obtained (see Fig. 3): 1) a lesser market price (1" instead of 1);
2) a lesser profit agent (4 -P.-C.(P.) instead of A-P.-Ce(P.));
and 3) a loss of the demand utility due to a larger amount of
not satisfied demand (D instead of D").

--On the other hand, when u<y/ the opposite results are
obtained.

In this sense, sensible agents should protect themselves
against the first case, trying to reduce the risk of unexpected
low profits. This suggests more sophisticated Cournot
equilibriums, where market agents take risk minimization into
account. In the sequel three different approaches to solve this
type of equilibrium are presented. For each solution, the
possibility distribution of the market price A (denoted 1 ) can
be computed through applying (4) in the following fuzzy
equation:

Iz/z(d—iPej ©)

A. The primal approach

In this approach each agent look for a set of productions
that maximizes a pessimistic (minimum) profit Be,min(Pe,O?) max)s
such that the possibility [] of having profits lesser than
Be,mm(Pe,aOmaX) is equal to a same value aomaxe [0,1] for any
agent, that is:

]\4[)?)( {Be,min (Pwar(\)‘nax ): B, {}){Z@m )Be( e’ar?mx )} ve = 1’”’ E (6)

st.  MB(P)<B(P.a, )=

e’ ’m max

where the fuzzy firm profit in terms of & is (D is a function
of P, through the balance equation):

B(P)=1-P-(d~D{P))~C,(R) Ve=L..E (7

Applying (4) and assuming @>D (for example when price A is
near to zero) each firm profit has been modeled by a known
LR possibility distribution given by (if d<D a different LR
possibility distribution is obtained, and the best solution found
assuming d>D and d<D should be chosen):

B,.(P)=(B/(R),B/(P),0B,(R),0B/(P)),, Ve=l..E
B!(R)=u"-P,-(d-D)-C/R)
B (R)=ou" - F,-(d-D)

(®)
}‘V’He (LR}



According t0 [9], Bemin(Pes@max) 1s reached for p=g/-
L (0 nay)- 0", and therefore problem (6) is equivalent to:

e,min\" e> ““max

A/}{gx{B (., )=B"(P)-L'(,) a8 (P)} Ve=1..E )

This means that the original fuzzy model (6) is simplified into
a crisp one that can be solved as in [14], by minimizing the
following cost, in the sequel denoted Cp.x({P.},D, Of)max) (note
that the balance equation is denoted by F):

Clu= {ZC(PMW—L‘(«;&JW )-(§BZ+D2—2-D.dJ}(10)

Min

(B,..P-DEF

To solve (10), a resolution procedure similar to the approach
showed in [14] could be used.

B. The dual approach

An alternative approach consists in looking for a set of
productions that minimizes, for each agent, the possibility of
having profits lesser than a minimum profit target Boe,min,
maintaining fixed the productions of the other agents.

B )=T{B.(P)< B’ .} Ve=1,E (1)

e,min

Min @, (..

Asymmetric solutions could be obtained using different o pax
for the agents, reflecting the existence of agents with different
attitude against risk, although a same risk attitude has been
assumed (e max=0; Ve=1,..,E). According to [9] problem (11)
is then equivalent to:

. 0 Bzf(P) Bz?mm
Min{olP, B, )= L[| =~ —emn L Ye—1 E
P, oB; (P.)

which is equal (see appendix) to minimize the following
possibility degree, denoted C4ux({Pe}, D, C‘)max):

(12)

-G

max

Z NP +D-2-Dd
ZC(P)+2 (Z +D?=2-D- j 13

e=l

0

= Min

(R BoDEF

ot (ZP2+D2 2de

e=l

where, if Poe,mm and ,uomin are the productions and the R.D.C.
slope respectively giving the profits Boe,mm, then C°,,y is:

max ZC (A mm) + lLl‘nln

bt e ol o

To solve (13), a resolution procedure similar to the approach
showed in the following subsection could be used.

C. The combined approach

A more sensible approach to robust Cournot equilibrium is
to determine a compromise solution between primal and dual
approaches, maximizing simultaneously the profit B min(Pe,
@ nax) and the necessity A Pe, B e min)=1-0Pe, B’e.min):

B’ )} Ve=1..E (15)

e, min

]\{{zx {Be,min (I)e > at?lax )’ ﬂ(P

That is, the following bi-objective optimization model
(obtained by combining (10) and (13)) must be solved:

Min_(C,. (P}, D) o (iP},D.CO,) (16)

(R,...Pg,D)eF

In order to compute a compromise solution it is interesting to
define a preference function to prioritize objectives (see [15]).
To be able to compare both objectives in a same [0,1]-scale,
the following linear functions are proposed:

P({P)}’D)=Ma ( Cumdx_ max({P} D amax)j

C max Clt(:lax (17)
0 —
d({f;}, D) = Max 0’ aumax max ({P }0 D Cmax )
aumax almax

where the parameters Cul’yx and o1’ are some undesirable
objective values for (10) and (13) respectively.

Then, to calculate a compromise solution of problem (16), the
minimum operator function has been chosen as preference
function to combine p() and d() (see [16] for other
compensatory operators):

Max (18)

(P, Pp ,D)eF

Min(p({P,}, D), d({P.}, D))

which is equivalent to:

Max 0

(P, s Pg ,D)e F
6<p({P}, D)
0<d({P}, D)

(19)

S.t.

where, for each set of productions, the auxiliary variable 8 can
be interpreted as the minimum “distance” to the primal and
dual optimal solutions.

This new problem is a nonlinear programming one. To
apply linear optimization software, first of all the quadratic
functions in (10) and (13) must be linearized, using for
example the same piecewise approximation found in [14].
Then, the new problem is linear in P, but not in &, and
therefore the robust Cournot equilibrium is the solution of the
linear feasible region obtained when the higher value of 8 is
fixed. Thus, this model can be solved using the iterative
algorithm suggested in [17].



TABLE I
MoOST POSSIBLE R.D.C. SLOPE
Load levels Peak Off Peak 1 Off Peak 2
1" (c$/KWh/GW) 1/2 1/7 1/9
TABLE II
PARAMETERS OF p() AND d() FUNCTIONS
Clﬂmax (K$) Cuomax (K$) a[omax (pu) Womax (pu)
-33-10° -25-10° 0.22 1

IV. CASE STUDY

This case study has been implemented in GAMS language
(see [18]) and solved using CPLEX solver (see [19]). It has
been executed in a 1.8 GHz PC with 524 MB and Pentium IV
processor.

A. Case description

The represented model corresponds to the Spanish
hydrothermal electric power system. A multi-period case is
considered, which has 12 periods (January-December), 2 sub-
periods for each period (working days and weekends) and 3
load levels for each sub-period (peak, off peak 1 and off peak
2). There are 7 agents in the market that own 29 hydraulic
groups and 101 thermal ones. Together with the balance
equation, some additional constraints have been incorporated
in the model as for example the technical constraints of each
generation group. The resulting case study has then
approximately 84.000 constraints and 120.000 variables.

The considered fuzzy R.D.C. slope is modeled by a LR
possibility  distribution for each load level with
L(s)=R(s)=max(1-5,0). The width au'=cg* has been chosen
equal to 40% of g'=u* (see Table I).

The risk parameter & .. has been fixed in 0.4 pu, and the
maximum cost C’,, in -3-10° K$ through previously solving
the crisp model of [14] for y=u"-ogl and u=u", to obtain an
estimation of the smaller and larger cost C’y, respectively.
Finally, the parameters of function p() and d() in (17) are
showed in table II.

B. Results discussion

Two different types of equilibriums have been compared.
The first one, denoted by {Pm.}, has been computed for the
most possible R.D.C. slope 4", and solved with the crisp
model presented in [14]. Execution time in this case is about 3
minutes. The second one, denoted by {Pr.}, has been obtained
with the combined approach proposed in this paper. Execution
time has been about 10 minutes, larger than the non-fuzzy
approach because of showing stronger non-linear conditions.
The maximum satisfaction level * obtained has been 0.95.

To check the robustness of these two equilibriums defined
by their solutions {Pm.} and {Pr.}, the crisp cost function of
[14] that measures the system efficiency can be evaluated
under different possible R.D.C. scenarios. Lesser R.D.C. slope
scenarios than the most possible one (corresponding to 4") can
be represented by the parametric function z/=g"-s- g with
s€[0,1]. For each scenario £/* the best alternative between
{Pm.} and {Pr.} is the one that provides the minimum system

cost. By computing Dif'=C({Pm¢} 1¥)-C({Pr.} 1Y), it is
possible to determine which one is the best alternative,
depending on the value of s.

As Fig. 4 shows, in most cases the cost obtained with {Pr.}

is lesser than with {Pm.}, meaning that {Pr.} is low risk
equilibrium in the sense defined in the previous section.
Nevertheless, the cost obtained with {Pm.} in the most
possible scenario (s=1) is necessarily lesser than with {Pr.},
obeying to the fact that risk protection always implies a cost
increment.
When market prices are compared for each load level, again in
most cases {Pr.} leads to lesser prices than {Pm.},
corresponding to larger system efficiency. Fig. 5 shows the
fuzzy average market price when the robust equilibrium {Pr.}
is considered.

C. Conclusions.

This paper shows that Possibility Theory can be effectively
used to model the uncertainty of the residual demand curve
(R.D.C.) for an electricity market, where each agent
maximizes its benefit based on the Cournot equilibrium
conjecture. Two dual criteria have been proposed in order to
obtain a robust Cournot equilibrium, protecting the agents
against an overestimated R.D.C. slope, which could lead to a
significant lost of profits and to a general inefficiency of the
power system. These two criteria, dual in the sense showed in
[9], have been combined to obtain a better compromise
solution, leading to a non-linear programming model that can
easily be solved with an iterative algorithm.

The combined approach has been applied to a real large-
scale electricity market. It has been checked that the solution it
provides is more robust than the one computed for the most
possible R.D.C.

Future works could extend the proposed approach to other
power related market for which the Cournot framework is not
appropriate, like for example markets where agents offer a
supply function (or a quantity-price function). Other
interesting improvements could be the inclusion of fuzzy
constraints, such as those modeling generation units
availability, or the power network physical constraints.

APPENDIX

This section proofs the equivalence between problems (12)
and (13) as stated in the dual approach.
--On the one hand, the defined robust Cournot
equilibrium is obtained solving (12), that is, differentiating
AP, B, min) With respect to P, and zeroing for all e:

aO(([':, Brgmin) _ aL(y)

AL (elp, B 0(20)
BF; ay y= L71 ((X(Bza B:»),min)) BPE

As the derivate of L() is strictly negative in the range (0,1)
(because is strictly decreasing), then it is:



ol (a( P.B.,))

=0 Ve=1,.E (21)

It is not difficult to show that the above equations are
equivalent to the following ones:

9B, (P)
%P ~1'(dpP,B,,)) Ve=1,.E

/S Te (22)
9o, (P)
0P,
--On the other hand, the Lagrange function of (13) is:
E
AP0 lboc)oo-) o
e=1

Since in (20), it is immediate to check that:

aC‘PD/
oA _ PDC“

oA - (24)
aP( aa(:L PD/ de de)) Ve 19"9E

As the lector can check, the left sides of (22) and (24) are
equal, that is:

an(P% aCLP17
d oF, Ye=1,. ,E

(25)
daB'(P)/  daCH(P, D
0P,
Besides, according to the definition of C
C(P,D)=C’, = B/(P)=8, Ve= (26)

Then, in terms of possibility measure it is hold true:

O,’(p, D’ Cr?mx) = H{é(p’ D) = Cr?mx}= H{E e (Pe ) e,min v@ 1’ ’ }
< 27)
Mint{B(P)=B.,,,}=11{B,(P) = B ., }=AP. B.,..)

Due to the agents independently choose its minimum production
level Poe,min, the equality in the above equation is obtained (see
[20]). Therefore (22) and (24) are equal, and the equivalence
between problems (12) and (13) is proved.

Note that dA/dD=0 defines the Lagrange multiplier 77 for each
feasible solution, and dA/d7=0 is the demand balance equation.
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