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Abstract—This paper presents some new theoretical de-
velopments in order to obtain reduced order equivalent
systems of very big linear dynamic systems, such as those
that model small-signal phenonema in power systems. The
proposed approach preserves input-output relationships,
which allows its use for designing control systems. The
methodology is based on Selective Modal Analysis frame-
work, and more specifically in its generalized form.
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I. Introduction

Selective Modal Analysis (SMA) is a general theoretical
framework for the analysis of large linear dynamic systems
[1]. It is particularly useful in systems, such as the power
systems, where there is an intuition on the physical nature
of the relevant modes [2]. For instance, electromechanical
modes can be related to oscillations of a certain set of
generators rotors against other set [3].

Control design techniques are considerably more effi-
cient when dealing with systems of relatively low dimen-
sion, and understanding and critique of results much deeper
and sharper. On the other hand, power systems models
are very large ones, including typically thousands of vari-
ables. One early aim of Selective Modal Analysis has been
to obtain reduced order systems for the interesting dy-
namics, which allows a more efficient control design [4, 5].

A recent development in SMA has been the so-called
Generalized SMA [6, 7]. Generalized SMA allows a more
efficient use of the physical information above quoted, ob-
tained either from the engineer intuition or from other
simplified models (for instance, the classical model in re-
lation to the whole system model, including controllers).

The purpose of this paper is to show how Generalized
SMA techniques can be applied to obtain reduced order
systems for control design. The focus of the paper is a
mainly theoretical one.
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The sequel is as follows. In section II basic model re-
duction approach and formulae are introduced. Next, re-
marks concerning the proper way of incorporating known
physical behaviour in the reduction approach (namely,
the subspaces choosing procedure) are made. Section IV
deals with the efficient computation of the reduced model.
Then, an algorithm is proposed in section V, and demon-
strated in a test system in section VI. Finally, I conclude.

II. System reduction

Our starting point will be a dynamical linear system,
with one input and one output variable.

Eẋ = Ax + bu (1)
y = cT x + du (2)

It is not difficult to generalize the results for multi-
input and multi-output systems, although I will stick to
the single input single output case to avoid cluttering the
notation.

In the equation above, x,b, c ∈ �m, A,E ∈ �m×m.
Besides, E is a symmetric idempotent matrix:

E = ET = E2 (3)

Usually, E has the special structure:

E =
[

I 0
0 0

]
(4)

being I an identity matrix of suitable dimensions. In this
case, the first subset of components of x are bona fide state
variables, and the last ones static or algebraic variables,
which time derivative does not actually appears in the
dynamic equations.

In “classical” SMA a subset of variables is chosen as rel-
evant ones, and a system reduction procedure is organized
around this selection. In Generalized SMA, two subspaces
must be chosen. The way of defining these subspaces is
by providing two basis that span both subspaces:



E = [e1, . . . , en] (5)
F = [f1, . . . , fn] (6)

So, E ,F ∈ �m×n. The order of the reduced system
is going to be n, so that it will be imposed that n �
m. It will be proven in the sequel E and F are related
to, respectively, controllability and observability system
aspects. Moreover, E ,F are normalized such that

FTEE = I (7)

After Laplace transforming (1)-(2) and some algebraic
transformations, it is obtained that:

sa = (Ar + H(s)) a + L̃(s)T bu (8)
y = cT K̃(s)a +

(
d + cT N(s)b

)
u (9)

where a ∈ �n is a reduced state vector, and the reduced
matrices are defined as:

Ar = FTAE (10)

H(s) = FTAP {sE− A + AQ + QA}−1 PAE (11)

L̃(s)T = FT + FTAP {sE− A + AQ + QA}−1 P (12)

K̃(s) = E + P {sE− A + AQ + QA}−1 PAE (13)

N(s) = P {sE− A + AQ + QA}−1 P (14)

where projection matrices P and Q are defined as:

P = I− EEFT E = I − Q (15)

III. Choosing the relevant subspaces

Formulae above are most useful if matrices H(s), L̃(s)T b,
cT K̃(s), cT N(s)b can be chosen to be independent of s.
It is possible to approach this objective by an appropriate
choice of subspaces spanned by E and F .

If Eb �= 0, a vector v0 can be defined as v0 = Eb
and matrix E chosen in such as way that v0 ∈ span(E).
In this case, Pb = 0, and therefore cT N(s)b = 0 and
L̃(s)Tb = FTb. An analogous procedure in case that
cT E �= 0T (to define w0 = ET c and thereafter impose
w0 ∈ span(F)) can be used to make cT N(s)b = 0 and
cT K̃(s) = cT E .

In the most general case, relevant subspaces can be cho-
sen in the following way. Matrix E can be written as:

E = E∗F∗T (16)

where matrices E∗ and F∗ are analogous (they also pro-
vide subspaces basis) to matrices E and F above. For
instance, if E is like in (4):

E∗ = F∗ =
[

I
0

]
(17)

Let be L̃(s)∗ and K̃(s)∗ the matrices computed by using
E∗ and F∗ instead of E and F in (12)-(13). Let us define
vectors v and w as

v0 = E∗L̃(s)∗Tb (18)
wT

0 = cT K̃(s)∗F∗T (19)

Then, by imposing v0 ∈ span(E) and w0 ∈ span(F),
matrices L̃(s)T b, cT K̃(s) and cT N(s)b are rendered in-
dependent of s.

So, it only remains making H(s) independent of s. Ac-
tually, this is impossible, as Ar + H(s) must contain the
whole system dynamics, that is

det (sI− Ar − H(s)) = 0 (20)

must be fulfilled whenever s is one of the many eigenvalues
of pair (E,A). On the other hand, it is not expected that
most of these modes can be excited by input u or observed
from output y, bust just the ones which controllability and
observability factors are high enough.

For these modes, adequacy of matrices E and F is mea-
sured by the participation ratio. Specifically, participa-
tion ratio ρi of mode i = 1, . . . , r is given by

ρi = − wT
i Qvi

wT
i (E− Q)vi

(21)

where vi and wi are the right and left eigenvectors of
the mode i. Participation factor ρi is infinite if either vi

belongs to the span of E or wi to that of F . In that case,
Ar + H(s) exactly represents the i-th mode dynamics.

In order to design a control system, relevant modes can
be identified by small-signal analysis in the system with-
out control, or possibly in a simplified model of it as the
classical model. In that way, a set of (possibly approxi-
mate) relevant eigenvectors vi,wi, i = 1, . . . , r is identi-
fied.

Once this task has been performed, matrices E and F
are chosen by imposing that vectors vj ,wj, i = 0, . . . , r

belong to their span. So, matrices L̃(s)T b, cT K̃(s), cTN(s)b
are independent of s and matrix H(s) is almost constant
for the relevant dynamic, and can be numerically evalu-
ated for a suitable s0. The resulting reduced system can
be now used in order to design the control.

IV. Matrix computations

Formulae (11)-(14), although quite interesting from a
theoretical point of view, are not generally suitable to
perform actual computations. Main reason is that matrix
sE− A + AQ + QA is not sparse, even if E and A are.



On the other hand, there are alternative expressions
which only involve the inverse of Es−A. As these matri-
ces are ultimately multiplied by vectors, to have a factor-
ization of Es − A is enough for computational purposes.

In order to derive these expressions, let us introduce
matrix M(s):

M(s) = FTE (A− sE)−1 EE (22)

Note than M(s) is a small dimension matrix, so it is
not difficult to factorize. Then:

H(s) = M(s)−1 + sI− Ar (23)

K̃(s) = (A − sE)−1 EEM(s)−1 (24)

L̃(s)T = M(s)−1FTE (A − sE)−1 (25)

N(s) = K̃(s)M(s)L̃(s)T − (A − sE)−1 (26)

Unfortunately, these expressions do not generally ap-
ply to solve (18)-(19). The reason is that, in this case,
matrices E∗ and F∗ have a great number of columns, so
associated matrix M(s)∗ is too big to be easily factorized.
Two approaches are possible:

1. To use (24)-(25) as starting point to compute v0 and
w0 by an iterative procedure that does not require
M(s)∗ factorization.

2. To take advantage of any special structure of E, like
the one in (4).

In the example shown in this paper, Eb �= 0 and cT E �=
0T , so that results in the previous section can be applied
in order to show that K̃(s), L̃(s) and K(s) are indepen-
dent of s. A detailed study of both alternatives will be
the subject of a future paper.

V. Reduction algorithm

The former theoretical results can be applied in order
to propose a reduction algorithm. In this paper it will be
assumed that Eb �= 0 and cTE �= 0T . So, only matrix
H(s) actually depends of s.

Following classical SMA procedures, it will be required
that H(s) exactly contains the interesting dynamics. That
is, given a set λi, i = 1, . . . , l of interesting eigenvalues of
the original full dynamical system, the associated set of
reduced eigenvectors ai are defined so that they fulfil:

λiai = (Ar + H(λi)) ai (27)

It is easy to show that reduced eigenvectors are related
to full eigenvectors vi by means of equation:

FTEvi = ai (28)

Fig. 1. Example case network

The reduced system state matrix is required to fulfil:

Aredai = (Ar + H(λi))ai, i = 1, . . . , l (29)

This equation is a single real equation in case that λi

is real, but two real equations if λi is complex (its real
and imaginary parts). So, the number of interesting real
eigenvalues plus twice the number of complex ones must
be not greater than the reduced order matrix dimension
n. In the algorithm here proposed they are equal, so that
matrix Ared is essentially unique.

Basic algorithm idea is to initially assume two reduced
subspaces E and F where the interesting dynamic is pre-
sumed to lie, and some estimation of the value of the inter-
esting eigenvalues λ0

i . With this data, matrix Ar +H(λ0
i )

is computed, associated reduced eigenvectors a0
i identi-

fied, and a reduced matrix A0
red proposed. Eigenanalysis

of this matrix provides a new estimation of the interesting
eigenvalues λ1

i , and the whole procedure is iterated until
convergence.

A more formal algorithm description is shown in the
pseudo code shown in the appendix. Based in the theo-
retical results in [7], it can be proven that the algorithm
converge at least at a a linear rate.

VI. Example case

In order to check the proposed algorithms, a small sys-
tem has been analysed. Its one-line diagram is displayed
at figure 1. There are seven generators, and the total
number of state variables is 91. There are also 42 alge-
braic variables. Therefore, dimension m = 133.

The study focuses in an electromechanical mode char-
acterized by oscillations of generator 3 versus the coherent
group of generators 4 to 6. In order to design a controller
it is assumed that the observed variable (y) is the veloc-
ity ω3 of generator 3, and the input u is applied to the
mechanical equation ω̇3 = . . . via, for instance, the field
current modulation. These two conditions fix vectors b
and c.



Subspace matrices E and F include, respectively, vec-
tors b and c, that in this case happen to be equal. In order
to complete the basis, the following vectors are added to
E :

• e2 is zero, but the component associated to the gen-
erator 3 angle, that is set to 1.

• e3 is zero, but the components associated to the
generators 4, 5 and 6 angles, that are set to 1.

• e4 is like e3, but with the velocities components
instead of the angles.

• e5 is zero, but the component associated to the field
current of generator 3.

In this example, F = E , so vectors fi are associated to
the dynamic equations ẋ = . . ., being x the state variable
associated to ei. Vectors ei and fi are further normalized
in order that FTEE = I.

To initialize the reduction algorithm, the interesting
modes are set to λ0 = {±j3,±j6,−1}. The reduction
algorithm converge in 5 iterations to the system shown at
the bottom of the page.

The Bode diagram of both the full and the reduced
system are shown in figure 2. Note that both diagrams are
almost equal in the figure frequency range, which allows
to design a control system for the full system by using the
reduced system.

VII. Conclusions

In this paper a system reduction technique, based on
Generalized Selective Modal Analysis, has been shown.
The technique exploits relationships between physical vari-
ables and relevant modes for a given control schema. New
theoretical results pertaining to the SMA reduction ap-
proach have been shown. A reduction algorithm has been
proposed and demonstrated for a test system.
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I. Algorithm pseudocode

Reduction Algorithm

Input: E,A,b, c, d, E ,F ,
{
λ0

i

}
.

Output: Ared,bred, cred, dred.

Requirements: Eb �= 0, cT E �= 0T .
Number of real interestinng eigenvalues plus
twice the number of complex ones
must be the common dimension
of subspaces spanned by E and F

Form Ar = FTAE .
for j = 0, 1, 2, . . . until convergence,

Set k = 1.
for i = 1, 2, . . .

Compute H(sj
i ) by using equation (23).

Perform the Ar + H(sj
i ) eigenalysis.

Choose as sj+1
i the computed eigenvalue

closer to sj
i .

Choose as aj+1
i the associated eigenvector.

if sj+1
i is real

Define rk =
(
Ar + H(sj

i )
)
aj+1

i

Define lk = aj+1
i

Set k = k + 1
else if sj+1

i is complex

Define rC =
(
Ar + H(sj

i )
)
aj+1

i

Define lC = aj+1
i

Set rk = �{
rC

}
Set rk+1 = �{

rC
}

Set lk = �{
lC

}
Set lk+1 = �{

lC
}

Set k = k + 2
end

end
Solve Aj+1

red [l1, l2, . . .] = [r1, r2, . . .]
Check Ared convergence condition.

end
Compute bred = FTb
Compute cT

red = cT E
Compute dred = d


