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Abstract—Deregulated electricity markets are very often
oligopolistic ones. Transmission constraints can significa-
tively increase generators market power. Given the pe-
culiar characteristics of electricity markets, new tools are
required to quantify the generators market power. This
paper presents such a tool, based on Cournot-like network
analysis. The theoretical basis of the method as well as a
study case are included.
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I. Introduction

Electricity markets integration is seen by a number of
regulators and analysts like an effective way of increasing
competitive pressures in the sector. Actually, technical
characteristics of the electricity made the sector prone to
oligopolistic behaviour.

Traditional market power indexes are of limited use in
electricity markets. A popular substitute have been the
computation of Cournot-Nash equilibria. Although real
competition is far more complex than Cournot competi-
tion, it is widely argued than Cournot equilibrium can
be usually considered as the worst case of non-collusive
competition. Therefore, it provides a bound to real be-
haviour, being quite useful from the regulatory point of
view.

There are a number of models able to compute Cournot
equilibrium in single-bus systems [1, 2, 3]. There are as
well some models able to compute it in meshed systems
[4, 5], although the computational effort required to study
real-size systems is quite extensive.

In this paper we present a new algorithm to compute
the Cournot equilibrium in meshed systems. The algo-
rithm is an extension of the work in [6]. We feel that its
computational efficiency and robustness are a significative
improvement over the previous ones. A study case is also
provided.

The sequel of this paper is organized as follows. Section
2 describes the proposed model, and section 3 the solution
algorithm. A study case is shown in the next section.
Finally, our conclusions are stated. Some mathematical
proofs are collected in appendices.
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II. The model

A single period, purely thermal model is proposed. It
would not be difficult (albeit maybe very computationally
consuming) to generalize the model to a multi-period one,
including intertemporal constraints as the hydro ones, fol-
lowing the work in [6]. However, as the purpose of this
study is to focus in network-related effects, a simplified
single period model is appropriate.

A. General characteristics

The assumed model is that of a single period, purely
thermal system. It is further considered

• ng generators (utilities) that behave as Cournot oli-
gopolists, i.e., set their units outputs (MW) in order
to maximize their profit assuming known demand
curves and fixed competitors’ outputs.

• nu thermal units. Pgu is the power output of unit u
belonging to generator g. This unit is placed in bus
i(u) (each generator may have several units in sev-
eral buses, and in each bus may be units belonging
to several generators). The unit is characterized by
a maximum output Pmax

gu , and a convex cost func-
tion Cgu = Cgu(Pgu). The minimum output is 0.

• A network made by nbus buses and nlin transmission
lines. Each line is characterized by an admittance yl

and a maximum flow fmax
l , so that the actual flow

fl fulfils −fmax
l ≤ fl ≤ fmax

l . DC power flow equa-
tions are assumed, so that if line l goes from bus i(l)
to bus j(l), the flow fulfils fl = yl

(
θi(l) − θj(l)

)
. θi is

the voltage phase at bus i. No losses are considered

• A demand at each bus i which fulfils Di = D0i −
αiπi, being Di the actual demand (MW), πi the
price (e/MW-h), and D0i and αi known constants.

The generators simultaneously submit bids for each one
of their units. Each bid is a quantity bid, the amount of
power to be produced. A central auctioneer receives the
bids and decides the amount of demand to be consumed
by each bus. This is done by maximizing the consumers
utility subject to fulfil the network constraints.



B. Generators’ behaviour

Each generator sets the output of is units in order to
maximize its profit. Therefore, in equilibrium, marginal
revenue and cost must be equal:

MRgu = MCgu

Marginal cost is just the derivative dCgu

dPgu
. Marginal rev-

enue has two components: the price πi(gu) at the bus
where unit gu is located, and the decrease of the profit
in each bus where generator u has units because of the
decrease in the price because of the additional generation
dπi(u′)
dPgu

Pgu′ . Therefore, assuming that the unit is operat-
ing somewhere between its limits,

dCgu

dPgu
= πi(u) +

∑
gu′

dπi(u′)

dPgu
Pgu′

In order to write this expression in a more easily ma-
nipulable form, let us introduce the following notation:

• Pg is a vector containing all the units belonging to
generator g:

Pg =

 Pgu1

Pgu2

...


• Cg is the total operating cost of generator g: Cg =∑

gu Cgu.

• Cg is a 0-1 matrix which maps units into buses. That
is, if element (i, j) of matrix Cg is 1, that means that
unit guj is placed at bus i.

• π is the vector containing the nodal prices:

π =

 π1

π2

...


• S is a matrix, whose element (i, j) is the minus

change of the price in bus j when an additional MW
is injected in bus i, assuming that generated out-
puts are hold constant (only demands are allowed
to change). The demand variations are such that
total demand utility (over all the buses) is maxi-
mized.

S(i, j) = − ∂πi

∂Pj

By using the above symbols, equilibrium conditions for
generator g can be written:

∇PgCg(Pg) + CT
g SCgPg = CT

g π

where CT
g is the transpose of Cg.

C. Optimization approach

In equilibrium, the demand equations as well as the
network equations must be fulfilled. Let me define the
additional symbols:

• D is a vector containing the demands at each bus.

• θ is the vector containing the phases at the different
buses, but the bus 1 whose phase is set to 0.

θ =

 θ2

θ3

...


• f a vector containing the flows. fmax contains the

limits.

• F is the matrix, obtained from the admittance data,
relating flows and phases: f = Fθ.

• M is the buses-lines incidence matrix (M(i, j) = 1
if line j is leaving bus i, and −1 if it is arriving at
bus i).

Therefore, the network equations can be written as:

D +Mf =
∑

g

CgPg

f = Fθ

−fmax ≤ f ≤ fmax

The demand equations are

D0i −Di

αi
= πi

Let me define

• Ui is the bus i demand dis-utility:

Ui =
1

2αi
(D0i −Di)

2

• U is the total demand dis-utility U =
∑

i Ui.

Then, the demand equations can be written as:

∇DU(D) = −π

Putting all together, the equilibrium equations are:

∇PgCg(Pg) + CT
g SCgPg = CT

g π

∇DU(D) = −π

D +Mf =
∑

g

CgPg

f = Fθ

−fmax ≤ f ≤ fmax



Matrix S is positive symmetric (see below). Assuming
that it is given, it is immediate to check that the above
equations are the optimality conditions of the problem1:

minPg,D,f ,θ

∑
g Cg(Pg) + 1

2P
T
g CT

g SCgPg + U(D)

s.t.


D +Mf =

∑
g CgPg

f = Fθ
0 ≤ Pg ≤ Pmax

g

−fmax ≤ f ≤ fmax

(1)
The problem is a well defined one, as Cgu and U are

convex functions and S a symmetric positive matrix (see
appendices). Prices π are the multipliers of demand-
generation constraints D +Mf =

∑
g CgPg.

Note that this problem includes the central auctioneer
actions. In fact, if the solution of (1) is {P∗g,D∗, f∗,θ∗}, it
is obvious that the solution with the additional constraint
Pg = P∗g does not change. But if this last constraint
is added, the unit outputs are constant, so they can be
considered as the bids known by the central auctioneer;
and the generators cost and additional quadratic term are
constants as well, so that the objective function is just the
demand dis-utility. So, this problem is just the auctioneer
problem.

D. S computation

.
In problem (1) it is assumed that S is given. But S de-

pends on the system flows (specifically, on which lines are
constrained). Therefore, an issue of consistency arises.
The purpose of this subsection is to show how, from the
nodal prices and knowledge of the constrained lines, ma-
trix S can be computed.
S is the price sensitivity to a marginal increase in the

injected power. Therefore, incremental changes δD, δπ,
δθ and so on will be considered.

Firstly, network equations must be fulfilled.

δD +Mδf = δP

δf = Fδθ

δP is a vector of additional injections (units outputs
are assumed constants). Then, in the constrained lines
(those with flows at limits), δfl = 0. Let me introduce a
0-1 matrix E , with number of rows equal to the number
of constrained lines and columns equal to the number of
lines, such that the above conditions can be stated as

1We have reintroduced at this point the bounds on generator
outputs. It is also easy to check (albeit a bit cumbersome) that in
that way the first order optimality conditions are the same equations
than the equilibrium ones when limits are considered

Eδf = 0

On the other hand, it is assumed that the additional
MW is shared by the demand (assigned by the central
auctioneer) in order to maximize the total utility. But

U(D + δD) =
∑

i

1
2αi

(D0i −Di − δDi)
2

=
∑

i

1
2αi

(δDi)
2 − D0i −Di

αi
δDi

+
1

2αi
(D0i −Di)

2

=
∑

i

1
2αi

(δDi)
2 + πiδDi

+
1

2αi
(D0i −Di)

2

So, the demand increments are found by solving

minδD πT δD + 1
2δDTAδD

s.t.

 δD +Mδf = δP
δf = Fδθ
Eδf = 0

where A is a diagonal matrix whose element A(i, i) = 1
αi

.
By introducing multipliers λD, λf and λs, the first or-

der optimality conditions can be written:
A 0 0 0 0 I
0 0 0 FT 0 0
0 0 0 −I ET MT

0 F −I 0 0 0
0 0 E 0 0 0
I 0 M 0 0 0




δD
δθ
δf
λf

λs

λD

 =


−π
0
0
0
0

δP


where I is an identity matrix of the required dimension.

In order to compute S, it is convenient to compute the
matrix SD, whose element (i, j) is the change in the de-
mand at bus i given a marginal power injection at bus j.
It is clear that

S = ASD (2)

as matrix A has the price “elasticities” as diagonal ele-
ments. On the other hand, it is also clear that matrix SD

can be computed by solving


A 0 0 0 0 I
0 0 0 FT 0 0
0 0 0 −I ET MT

0 F −I 0 0 0
0 0 E 0 0 0
I 0 M 0 0 0


[
SD

...

]
=


−π1T

0
0
0
0
I


(3)



where 1 is a column vector, all which elements are 1. The
right hand side of this equation, as well as the big matrix,
are of course known.

III. The algorithm

The proposed algorithm amounts essentially to iterate
between equations (1), and (2) and (3). So, an initial
constraints’ state for each line is assumed, and equations
(2) and (3) are solved to compute S. Then, problem (1)
is solved, and the lines’ status (constrained on or off)
assessed. If this state is the same one than the formerly
assumed, the algorithm ends. If not, the new lines’ status
computed when solving (1) is plugged in (2) and (3), and
the whole procedure iterated.

Specification of the lines’ status can be done by assign-
ing 0 to unconstrained lines and 1 to constrained ones.
So {0, 0, 1, 0, ...} denotes the state where the first, second
and fourth lines are not constrained and the third line is.
It is obvious that the lines’ status is an element of the
discrete set {0, 1}nlin .

So, each algorithm iteration can be understood as a
map from a discrete set into itself. Therefore, only two
outcomes are possible:

1. The algorithm converges to a single state in a finite
number of iterations.

2. The algorithm converges to a limit cycle.

In the first case, the algorithm output is a Nash-Cournot
equilibrium. In the second case, it can not be generally
shown that there is not any Nash-Cournot equilibrium.
On the other hand, there are systems that do not posses
any Cournot equilibria; and we think possible confident
that, given reasonable initial assumptions, converge to a
limit cycle can usually means absence of such equilibria.
More research is needed in this topic.

IV. Study case

The 6-buses network described in [7] and shown in fig-
ure 1 has been used. It is assumed that there are gener-
ators in buses 1, 2 and 3 belonging to different utilities.
The cost functions are (cost in e , power in MW):

C1(P1) = 600 + 6P1 + 0.002P 2
1

C2(P2) = 220 + 7.3P2 + 0.003P 2
2

C3(P3) = 100 + 8P3 + 0.0042P 2
3

Buses 4, 5 and 6 are load buses. The demand functions
are defined by (D0i in MW, αi in MW2/EUR):

D04 = 114.96 ; α4 = 2.34
D05 = 114.96 ; α5 = 2.34
D06 = 114.98 ; α6 = 1.70

SIX-BUS NETWORK: EXAMPLE 1
π  (2) = 19,16 π  (3) = 19,16

π  (1) = 19,16

π(6) = 19,16

π (4) = 19,16

π  (5) = 19,16

D(4) = 70

D(5) = 70

D(6) = 83

P(2) = 73

P(3) = 68

P(1) = 82

f(1-2) = 16,11
µ(1-2) = [0 ; 0]

f(1-4) = 35,7
µ(1-4) = [0 ; 0]

f(1-5) = 30,1
µ(1-5) = [0 ; 0]

f(2-4) = 39,2
µ(2-5) = [0 ; 0]

f(2-6) = 26,1
µ(2-6) = [0 ; 0]

f(2-5) = 19,4
µ(2-5) = [0 ; 0]

f(3-5) = 18,2
µ(3-5) = [0 ; 0]

f(3-6) = 54,1
µ(3-6) = [0 ; 0]

f(4-5) = 4,8
µ(4-5) = [0 ; 0]

f(5-6) = 2,3
µ(5-6) = [0 ; 0]

f(2-3) = 4,4
µ(2-3) = [0 ; 0]

Fig. 1. Study network. Line 2-4 maximum flow:
40MW

SIX-BUS NETWORK: EXAMPLE 2
π  (2) = 20,42 π  (3) = 20,73

π  (1) = 21,36

π  (6) = 20,72

π  (4) = 22,49

π  (5) = 21,06

D(4) = 62

D(5) = 66

D(6) = 80

P(2) = 55

P(3) = 60

P(1) =93

f(1-2) = 22,7
µ(1-2) = [-0,93 ; 0]

f(1-4) = 37,7
µ(1-4) = [1,13 ; 0]

f(1-5) = 32,3
µ(1-5) = [-0,29 ; 0]

f(2-4) = 30
µ(2-4) = [-0,92 ; 2,99]

f(2-6) = 25,4
µ(2-6) = [0,30 ; 0]

f(2-5) = 17,2
µ(2-5) = [0,64 ; 0]

f(3-5) = 14,8
µ(3-5) = [0.33 ; 0]

f(3-6) = 50,4
µ(3-6) = [-0,01 ; 0]

f(4-5) = 5,4
µ(4-5) = [-1,43 ; 0]

f(5-6) = 3,9
µ(5-6) = [-0,34 ; 0]

f(2-3) = 5,2
µ(2-3) = [0,31 ; 0]

Fig. 2. Study network. Line 2-4 maximum flow:
30MW

Remaining data are as in [7]. Proposed algorithm con-
verges to the results shown in figure 1. No line is con-
strained on, and prices π are uniform across the network.
Symbol µ denotes the multipliers pair

µ = [µf ,µs]

where µf are the multipliers of equation f = Fθ, and µs

the greatest multiplier of constraint −fmax ≤ f ≤ fmax;
in problem (1).

If maximum power through line 2-4 is lowered from
its base-case value of 40 MW to 30 MW a new solution,
shown in figure 2 is computed. In the new solution only
line 2-4 is constrained on, as shown by multipliers µs.
Prices in each bus are different from each other, being its
difference multipliers µf .

For maximum line 2-4 flows between 30 and 40 MW
the algorithm can oscillate between two solutions, corre-
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Fig. 3. Bus 1 prices.

sponding to have line 2-4 constrained on or constrained
off. Bus 1 prices, in function of iteration number, are
shown in figure 3. Therefore, in this simple system, no
Cournot-Nash equilibrium can be computed. A similar
situation is obtained when line 2-4 maximum flow is low-
ered below 20 MW, because of oscillations in the lines 2-5
and 2-6 status (constrained on or off).
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VI. Conclusions

A new tool to compute Nash-Cournot equilibria in power
networks has been introduced. New theoretical results has
been obtained when developping it. Absence of equilibria
implies oscillations during the iterative procedure. The
tool has been tested in a small power system.
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VIII. Appendices

A. Proof of the symmetry of S

Let us define

B = [0, 0, 0, 0, I]

and

C =


0 0 FT 0 0
0 0 −I ET MT

F −I 0 0 0
0 E 0 0 0
0 M 0 0 0


Note that C is symmetric. So,

[
A B
BT C

][
δD
...

]
=


−π
0
0
0
0

δP


Therefore, after formal manipulation,

(
A− BC−1BT

)
δD = −π − BC−1


0
0
0
0

δP


The problem here is that C is a singular matrix. This is

immediate to check, as δP = 0 implies δD = 0 (if we are
in equilibrium, no redistribution of demand can improve
utility).

On the other hand, it is always possible to build a se-
quence C(ε) of symmetric regular matrices whose limit as
ε → 0 is C. Let us define δD̄(ε, δP) as the solution of



(
A− BC(ε)−1BT

)
δD̄(ε, δP) = −π − BC(ε)−1


0
0
0
0

δP


Let us define now the variable

δD(ε) = δD̄(ε, δP)− δD̄(ε,0)

It is clear that, if δD is bounded (as it is, as it is solution
of a strictly convex optimization problem), limε→0 δD(ε) =
δD. It is also clear that

(
A− BC(ε)−1BT

)
δD(ε, δP) = −BC(ε)−1


0
0
0
0

δP


So, the matrix SD(ε) (sensitivity matrix relating incre-

ment δDi(ε) to power injection at bus j) fulfils

(
A− BC(ε)−1BT

)
SD(ε) = −BC(ε)−1


0
0
0
0
I


= −BC(ε)−1BT

So,

SD(ε) = −
(
A− BC(ε)−1BT

)−1 BC(ε)−1BT

= −
(
I − A−1BC(ε)−1BT

)−1A−1BC(ε)−1BT

= −
[
I +A−1BC(ε)−1BT +(

A−1BC(ε)−1BT
)2

+ . . .
]
A−1BC(ε)−1BT

= −A−1BC(ε)−1BT −
A−1BC(ε)−1BTA−1BC(ε)−1BT −

A−1BC(ε)−1BTA−1BC(ε)−1BTA−1BC(ε)−1BT + . . .

So,

S(ε) = ASD(ε)
= −BC(ε)−1BT − BC(ε)−1BTA−1BC(ε)−1BT −

BC(ε)−1BTA−1BC(ε)−1BTA−1BC(ε)−1BT + . . .

which is a clearly symmetric matrix. Taking the limit
ε → 0, it is shown that S is symmetric.

There is a last loophole, to prove that the series is con-
vergent. That amounts to the convergence of

(
I − A−1BC(ε)−1BT

)−1

which converges if the spectral radius of A−1BC(ε)−1BT

is less than 1. As A is a positive diagonal matrix, that
can be made sure by having A big enough, which can be
made by choosing a suitable monetary unit.

B. Proof that S is positive

Let us consider a particular C(ε), i.e.

C(ε) = εI + C

This perturbation moves the whole C spectrum by ε.
As the spectrum is a discrete set, it is clear that there is
a ε1 such that for any ε in the interval (0, ε1), matrix C(ε)
is not singular. We will restrict ourselves in the sequel to
this interval.

Now, let us partition C(ε) as

C(ε) =


ε 0 FT 0 0
0 ε −I ET MT

F −I ε 0 0
0 E 0 ε 0
0 M 0 0 ε

 =
[

εI CT
r

Cr εI

]

where

Cr =

 F −I
0 E
0 M


Now, it is easy to check

C(ε)−1 =
[

εI −CT
r

−Cr εI

][ (
ε2I − CT

r Cr

)−1 0
0

(
ε2I − CrCT

r

)−1

]

On the other hand, let us write matrix B as

B = [0, 0, 0, 0, I] = [0,J ]

with

J = [0, I]

So,

BC(ε)−1BT = εJ
(
ε2I − CT

r Cr

)−1 J T (4)

Now, it is immediate that

CT
r Cr =

[
FTF −FT

−F I + ETE +MTM

]
CT

r Cr is a positive matrix. To check that, let us consider



[
vT

θ ,vT
f

]
CT

r Cr

[
vθ

vf

]
= vT

θFTFvθ +

vT
f

(
I + ETE +MTM

)
vf −

2vT
θFT vf

=
(
vT

θFT − vT
f

)
(Fvθ − vf ) +

vT
f

(
ETE +MTM

)
vf

It is obvious that this expression is greater than or equal
to zero. Assume that it is zero. Then Mvf = 0. That
means that it is possible to consider vf as a set of flows
such that the net power injection

∑
g CgPg −D in each

bus is zero, so it is purely rotational set of flows. It must
hold as well that Fvθ − vf = 0, which means that vθ

can be consider as the set of phases that induces these
flows. But the only rotational flow that a set of phases
can induce is the zero flows vf = 0, at the phases that
induce these flows must be equal in every bus, so vθ = 0
because θ1 = 0. Then, I have proven CT

r Cr > 0.
Let be ε2 > 0 the smallest CT

r Cr eigenvalue. Then, if
ε < min(

√
0.5ε2, ε1), matrix

(
ε2I − CT

r Cr

)
must be defi-

nite negative, and therefore matrix BC(ε)−1BT in equa-
tion ((4)) (which is the restriction to a lower dimensional
subspace) as well.

Let me call CB(ε) = BC(ε)−1BT . CB(ε) spectrum is
bounded. If CT

r Cr spectrum is in the interval [ε2, E2],
CB(ε) must be in [−E2,−0.5ε2] = [−K,−k], because 0.5ε2
is the greatest perturbation that ε2I can induce in −CT

r Cr.
Notice that K, k > 0 are two constants independent of ε.

Now, −KI < CB(ε) < −kI, so −k−1I < CB(ε)−1 <
K−1I. On the other hand, mini(αi)I < A−1 < maxi(αi)I.
Then(
min

i
(αi) + K−1

)
I < A−1−CB(ε)−1 <

(
max

i
(αi) + k−1

)
I

And, therefore(
A−1 − CB(ε)−1

)−1
>

(
max

i
(αi) + k−1

)−1

I = k̄I > 0

But,

(
A−1 − CB(ε)−1

)−1
= CB(ε)

(
A−1CB(ε)− I

)−1

= −CB(ε)
(
I − A−1CB(ε)

)−1

= −CB(ε)
(
I +A−1CB(ε)+

A−1CB(ε)A−1CB(ε) + . . .
)

= −CB(ε)− CB(ε)A−1CB(ε)−
CB(ε)A−1CB(ε)A−1CB(ε)− . . .

= S(ε)

Therefore, S(ε) > k̄I assuming that the series con-
verges. And it does in the same hypothesis that in the
previous appendix. As k̄ is independent of ε, it must con-
verge as ε → 0 to a positive matrix. Therefore S > 0.
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